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CHERN–WEIL THEORY AND THE GROUP OF STRICT
CONTACTOMORPHISMS
ROGER CASALS AND OLDŘICH SPÁČIL
Abstract. In this paper we study the groups of contactomorphisms of a closed contact manifold
from a topological viewpoint. First we construct examples of contact forms on spheres whose Reeb
flow has a dense orbit. Then we show that the unitary group U(n + 1) is homotopically essential
in the group of contactomorphisms of the standard contact sphere S2n+1 and present a proof of
the homotopy equivalence Cont(S3, ξst) ≃ U(2). In the second part of the paper we focus on the
group of strict contactomorphisms – using the framework of Chern–Weil theory we introduce and
study contact characteristic classes analogous to the Reznikov Hamiltonian classes in symplectic
topology. We carry out several explicit calculations illustrating the non-triviality of these contact
characteristic classes.
1. Introduction
The study of symplectic and contact topology essentially began with V. I. Arnol’d in [Ar65]. The work
of many researchers has established contact topology as a well-founded theory with meaningful results
[Be83, El92, Gi91, Gr85, Ho93]. There have also been many significant applications to other areas of
mathematics such as low-dimensional topology [KMr04, OS04].
The problem of existence of contact structures on an almost contact manifold has been solved
[BEM14, CPP12, Et12, Lu77, Ma69] and there have also been partial advances in the classifica-
tion [El89, Gi00, Ho00I, Ho00II]. However the two groups of transformations associated to a contact
form, the strict contactomorphism group and the contactomorphism group, are not well understood.
This article contains relevant results and examples concerning such groups and provides tools for a
more systematic study of the group of strict contact transformations.
Our main example in the first part of the paper is the standard contact sphere – we recall its definition
in Section 2 and then study the contact manifold in Sections 3 and 4. First, using simple algebraic
topology tools we prove the following:
Theorem 1. The inclusion i : U(n + 1) −→ Cont(S2n+1, ξst) induces an injection on the homotopy
groups π∗i : π∗U(n+ 1) −→ π∗ Cont(S2n+1, ξst).
As a consequence, the group of contactomorphisms of the standard sphere is not homotopically triv-
ial. It is of interest to compare the group of contact transformations with that of strict contact
transformations: the choice of a contact form introduces a dynamical flavour to the contact topology
framework making the situation more rigid. For example we have the following result together with
the corollary below:
Theorem 2. The standard contact form αst ∈ Ω
1(S2n+1) can be C1–perturbed to a contact form α
such that ξst = kerα and the strict contact manifold (S
2n+1, kerα) admits a dense Reeb orbit.
The techniques employed to conclude Theorem 2 belong to the classical theory of dynamical systems
and allow further conclusions than the one just stated. They can be, in particular, applied to other
contact manifolds, though we only focus on the standard contact spheres (S2n+1, ξst) as an illustrative
case. We shall also provide an alternative argument in the case of S3. Theorems 1 and 2 imply:
Corollary 3. There exist contact forms α0 and α1 defining the standard contact structure on S
2n+1
such that the map on the homotopy groups induced by the inclusions
j0 : SCont(S
2n+1, α0) −→ Cont(S
2n+1, ξst)
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j1 : SCont(S
2n+1, α1) −→ Cont(S
2n+1, ξst)
is trivial for j0 while the image of π∗j1 contains π∗U(n+ 1).
Furthermore we include a couple of explicit computations of the homotopy type of groups of contact
transformations for low-dimensional spheres. In Subsection 4.3 we show that the standard unitary
action induces homotopy equivalences SCont(S3, αst) ≃ U(2) and SCont(S
5, αst) ≃ U(3). Then in
Section 5 we explain in detail how to use [El92, Ha83] to deduce the following folklore statement:1
Theorem 4. Consider the standard contact 3–sphere (S3, ξst). Then
1. the homotopy type of the space of positive tight contact structures on S3 is that of S2 and
2. the action of U(2) on (S3, ξst) induces a homotopy equivalence i : U(2) −→ Cont(S
3, ξst).
The two statements are essentially equivalent since for a given contact manifold (M, ξ) the space of
contact structures on M and the group Cont(M, ξ) are related by a locally trivial fibration induced
by the Gray stability property (as explained by P. Massot, the local triviality follows from the Cerf
criterion). Little is in fact known about the topology of the space of contact structures, see [CP12,
GG04, Bo06]. As a corollary of the above we also obtain the following interesting result.
Corollary 5. The inclusion k : SCont(S3, αst) −→ Cont(S
3, ξst) is a homotopy equivalence.
Similar results can be proven for specific contact manifolds, particularly 3–folds. However, the cor-
responding results require ad hoc arguments and there is a priori no methodical approach to deduce
properties of the group of (strict) contact transformations. This naturally leads to the second part of
this article.
Sections 6 and 7 deal with a systematic procedure to detect non-trivial cohomology classes for the
classifying space of the group of strict contactomorphisms. This is achieved by means of Chern–Weil
theory, a differential geometric technique to construct characteristic classes for principal G–bundles
with G a Lie group. Classically this has been done for finite dimensional Lie groups but the frame-
work extends to the case of infinite dimensional Fréchet Lie groups or even convenient Lie groups (in
the sense of the convenient calculus of [KM97]). The Chern–Weil method is based on the existence
of invariant polynomials on the Lie algebra g = Lie(G) but these might not necessarily exist for an
arbitrary Lie group G. In particular it seems hard to find invariant polynomials for various groups of
diffeomorphisms – see [Ro13] for a recent survey.
An exceptional case of a diffeomorphism group where a series of invariant polynomials is known to exist
is the Hamiltonian group Ham(B,ω) of a closed symplectic manifold (B,ω) – the reader is referred
to [Re97] for a heuristic treatment of Chern–Weil theory in this case. We will see in Section 6 that
an analogous series of invariant polynomials exists on the Lie algebra of the strict contactomorphism
group SCont(M,α) of a closed contact manifold (M,α). Thus the machinery of Chern–Weil theory
can be applied to the group of strict contact transformations producing characteristic classes called
the (contact) Reznikov classes. Using these we can conclude for instance the following:
Theorem 6. Let (M, ξ = kerα) be a closed connected contact manifold such that the Reeb flow of
α generates a free S1–action and consider the homomorphism ϕ : S1 −→ SCont(M,α) given by this
circle action. Then the induced map between the cohomology of the classifying spaces
(Bϕ)∗ : H∗(BSCont(M,α);R) −→ H∗(BS1;R) ∼= R[e]
is surjective.
The preimage of e under the above surjection can be described explicitly, which allows us to deduce
a simple corollary:
Corollary 7. Let (M, ξ = kerα) be a closed connected contact manifold such that the Reeb flow of
α generates a free S1–action. Then the homotopy class of this flow in π1(SCont(M,α)) is of infinite
order.
In Section 7 we discuss several other results similar to Theorem 6 such as the following:
1This result is known to a number of experts in the field, but it seems that a proof has not yet appeared in the
literature.
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Proposition 8. Let (M, ξ) be a closed connected contact manifold with a non-trivial action of a
connected compact Lie group G by contactomorphisms. Then for any G–invariant contact form α and
l ∈ N the Reznikov class χ2l ∈ H
4l(BCont(M,α);R) is non-trivial.
The previous can be improved for a special class of contact manifolds known as K–contact manifolds:
Proposition 9. Let (M, ξ = kerα) be a closed connected K–contact manifold with a K–contact form
α. Then all the Reznikov classes χk ∈ H
2k(BCont(M,α);R), k ∈ N, are non-trivial.
This article is organized as follows. Section 2 contains the basic definitions and examples needed for
the paper. In Section 3 we give a proof of Theorem 1. Section 4 deals with the group of strict contac-
tomorphisms of the standard contact spheres and in particular we explain Theorem 2 and Corollary
3. Section 5 is devoted to the proof of Theorem 4, i.e. the description of the homotopy type of the
group of contactomorphisms for the standard contact 3–sphere. In Section 6 we recall the framework
of Chern–Weil theory and shortly discuss the infinite dimensional setting. The last Section 7 details
the results obtained in the case of the group of strict contact transformations.
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2. Preliminaries
In this section we give the basic definitions and discuss several examples in preparation for the rest
of the paper.
2.1. Definitions. A contact structure on a smooth (2n+1)–dimensional manifold M is a completely
non-integrable tangent hyperplane field ξ. The complete non-integrability of ξ can be expressed by
α ∧ dαn 6= 0 (pointwise everywhere) for a 1–form α locally defining ξ, i.e. ξ = kerα. Such an α is
called a contact form.
Note that the contact condition can be equivalently described by saying that the 2–form dα restricts
to a non-degenerate bilinear form on ξ = kerα. We will always assume that M is oriented and that
ξ is positively cooriented, that is there exists a globally defined α such that α ∧ (dα)n is a positive
volume form on M .
The standard contact sphere. Let us consider the complex space (Cn+1, h) with coordinates
(z0, z1, . . . , zn) and its standard Hermitian form h. The unit sphere
S2n+1 = {z ∈ Cn+1 : ‖z‖ = 1}
is a real hypersurface transverse to the vector field ∂r = z0∂z0 + . . .+zn∂zn . It follows that the 1–form
αst =
i
4
(
n∑
i=0
zidzi − zidzi
)
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restricted to the hypersurface S2n+1 satisfies αst ∧(dαst)
n > 0, hence (S2n+1, kerαst) is a contact
manifold. The contact structure ξst = kerαst is called the standard contact structure on S
2n+1 and
the defining form αst is the standard contact form. Intrinsically, the hyperplane field can be described
as ξst = TS
2n+1 ∩ i(TS2n+1) and αst is its unique (up to scalar) U(n+ 1)–invariant defining 1–form.
This contact structure features in Theorems 1,2 and 4, Proposition 28 and Corollaries 5 and 16.
The space of contact elements. Given a smooth manifold M the projectivized cotangent bundle
P(T ∗M) is endowed with a canonical contact structure ξcan. An element of P(T ∗pM), called a contact
element at p ∈ M , is identified with a hyperplane in the tangent space TpM . Then the contact
structure ξcan is defined as follows: the velocity vector of a motion of a contact element belongs to
ξcan if and only if the projection of the velocity vector to the point of contact belongs to the contact
element itself. This contact structure appears in the proof of Theorem 2, see Section 4.
Prequantization spaces. Let (B,ω) be a symplectic manifold with an integral symplectic form
ω ∈ H2(B;Z). Since H2(B;Z) ∼= [B,BU(1)], there exists a complex line bundle Lω endowed with a
Hermitian metric with curvature −iω. Let α be a principal connection 1–form for such a Hermitian
line bundle. Then the kernel of α defines a contact structure on the total space of the circle bundle
S(Lω) −→ B. The contact manifold (S(Lω), α) is called the prequantization of (B,ω). Note that
the Reeb flow of α (defined below) coincides with the circle fibres of the projection and so the flow
defines a free S1–action on S(Lω) by strict contactomorphisms. In fact any closed contact manifold
admitting a free S1–action by contactomorphisms can be obtained as a prequantization of some closed
symplectic manifold. Prequantization spaces appear in Sections 4 and 7.
2.2. Contact Hamiltonians. There are two groups of symmetries associated to a contact manifold
(M, ξ = kerα): the group of strict contact transformations and the group of contact transformations.
The former depends on the choice of a contact form α whereas the latter does not. Their definitions
read as follows:
SCont(M,α) = {f ∈ Diff(M) : f∗α = α},
Cont(M, ξ) = {f ∈ Diff(M) : f∗ξ = ξ}.
Both groups endowed with the smooth compact-open topology can be given the structure of an infinite
dimensional Fréchet or convenient Lie group (see [KM97, Theorem 43.19] and [Sp14]). The tangent
space of Cont(M, ξ) at the identity, hence its Lie algebra, consists of the contact vector fields on M ,
i.e. vector fields X such that LXα = µ · α for some smooth function µ : M −→ R. In the case of
SCont(M,α) the tangent space consists of such vector fields with µ ≡ 0, which we call strictly contact.
The Lie bracket is (minus) the standard Lie bracket of vector fields.
There is a different description of the Lie algebras in terms of Hamiltonians. First observe that given
a contact form α, there exists a unique vector field R on M defined by
iRα = 1, iRdα = 0.
It is called the Reeb vector field associated to α. The Reeb flow of α is the flow of the Reeb field R.
Let now X be a contact vector field onM an put H = α(X). Then the condition on the Lie derivative
of α is equivalent to the following pair of equations:
iXα = H, iXdα = −dH + iRdH · α.
In fact, given a function H ∈ C∞(M) there exists a unique contact vector field X satisfying the above
equations. Therefore the map X 7−→ α(X) =: HX identifies the Lie algebra LieCont(M, ξ) with the
algebra C∞(M) of smooth functions on M . The function HX is called the (contact) Hamiltonian of
the contact vector field X . Note that it depends on the choice of α.
Restricting to the Lie algebra of SCont(M,α) we can see that a contact vector field X is strictly con-
tact if and only if iRdHX ≡ 0, that is if and only if its Hamiltonian HX is a function invariant under
the Reeb flow of α. The Lie algebra Lie SCont(M,α) is thus identified with the algebra C∞(M)R of
smooth functions on M invariant under the Reeb flow.
Finally, under the above identifications the Lie bracket becomes
[HX , HY ] = iR(dHX) ·HY − iX(dHY )
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and the adjoint action of g ∈ Cont(M, ξ) is given by AdgH = (λ ·H) ◦ g
−1, where g∗α = λ · α.
The material presented in this section should be sufficient for a good understanding of the main part
of the paper.
3. The inclusion of unitary transformations
This short section is devoted to the proof of Theorem 1, which is concerned with the standard contact
sphere (S2n+1, ξst) introduced in Section 2. Since ξst = TS
2n+1 ∩ iTS2n+1, the group of unitary
transformations U(n+ 1) acts on S2n+1 preserving ξst and we obtain an inclusion
i : U(n+ 1) −→ Cont(S2n+1, ξst).
Theorem 1 says that the induced map π∗(i) on homotopy groups is injective.
Proof of Theorem 1: Let us consider the space of conformal symplectic frames of ξst at a point
x ∈ S2n+1, that is
Frx ξst := {τ : R
2n → (ξst)x | τ is a linear isomorphism and ∃c ∈ R+ : τ
∗dα|(ξst)x = c · ω0}.
Put Fr ξst =
⋃
x∈S2n+1 Frx ξst and denote the natural projection by p : Fr ξst −→ S
2n+1. The conformal
symplectic group
CSp(2n,R) := {g : R2n → R2n | g is a linear isomorphism and ∃c ∈ R+ : g
∗ω0 = c · ω0}
acts on Fr ξst from the right by pre-composition of mappings. This action turns p into a principal
CSp(2n,R)–bundle. Note also that the group Cont(S2n+1, ξst) acts on Fr ξst from the left via post-
composition with the tangent map.
Fix a point x0 ∈ S
2n+1 with a conformal symplectic frame τ0 : R
2n −→ (ξst)x0 at x0 and consider the
evaluation map
ev : Cont(S2n+1, ξst) −→ Fr ξst, ev(f) = Tx0f ◦ τ0.
The pullback i∗ev of the evaluation map via the inclusion i fits into the following diagram
CSp(2n,R) // Fr ξst
p
// S2n+1
U(n) //
OO
U(n+ 1) //
i∗ev
OO
S2n+1
id
S2n+1
OO
Here S2n+1 is viewed as the homogeneous space U(n+ 1)/U(n) and i∗ev is then a morphism of prin-
cipal bundles (with different structure groups). Restricted to the fibres i∗ev yields an inclusion of a
maximal compact subgroup U(n) into CSp(2n,R) and thus it is a homotopy equivalence. The base
map, being the identity map, is also a homotopy equivalence. Then the five lemma applied to the
induced maps between the long exact sequences of homotopy groups for the two fibrations implies
that i∗ev is a weak homotopy equivalence, i.e. π∗ev ◦ π∗i is an isomorphism in all degrees. It follows
in particular that the first map π∗i : π∗U(n+ 1) −→ π∗ Cont(S2n+1, ξst) is injective as desired. 
The unitary transformations preserve even the standard contact form αst and so also the inclusion
U(n + 1) −→ SCont(S2n+1, αst) induces an injection on homotopy groups. Moreover, Theorem 1
implies that the flow of the standard Reeb vector field on the sphere (tangent to the Hopf circles)
produces a non-trivial loop in the fundamental group of Cont(S2n+1, ξst) – this was also proven with
different methods in [CP12]. There exists another argument, also known to E.Giroux and V.Ginzburg,
based on Maslov-type indices to prove the non-triviality of certain homotopy classes.
The method used to conclude Theorem 1 can be applied to some other contact manifolds. The
essential tool is to use the evaluation map and the space of conformal symplectic frames in order to
deduce the non-triviality of a given class of contact transformations.
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4. Strict contactomorphisms on spheres
The existence of invariant polynomials in the Lie algebra of the group of contact transformations is
central for the Chern–Weil methods. This allows us to study the subgroups SCont(M,α) of strict
contact transformations rather than the whole group of contactomorphisms Cont(M, ξ) for which we
have not found any invariant polynomials. The dependence of the strict transformations on α is not
simple though and the behaviour of the homotopy type of SCont(M,α) with respect to a perturbation
of α can be almost arbitrary. In this section we provide examples in which the group SCont(M,α) can
be made degenerate just by a C∞–small perturbation of the 1–form α. The method is fairly general
but the family of spheres hereby presented should suffice to illustrate this phenomenon.
4.1. Ergodic flows. In this subsection we review the notion of ergodicity of a flow. The relevant
context for us is that of a flow in the cotangent bundle, in which case the measure µ is the Liouville
measure of the unit cotangent bundle. The use of ’almost every(where)’ in the following paragraphs
is understood in the measure theoretic sense.
The notion of ergodicity can be considered from the probabilistic viewpoint: a map is ergodic if the
process defined by its iteration has time average equal to its total space average almost everywhere.
From the geometric perspective this translates into the fact that the points (and subsets) are spread
around through the iterations of the map. The exact definition can be stated as follows:
Definition 10. A measure preserving flow on a probability space (X,F , µ) is called ergodic if its
invariant subalgebra is the trivial σ–algebra generated by the sets of measure 0.
The reader is referred to Chapitre 2 in [AA67] for details on this subsection. The only relevant
property that concerns us is the existence of (many) dense orbits for an ergodic motion.
Lemma 11 ([AA67]). Almost every orbit of an ergodic flow is dense.
This condition is not sufficient for ergodicity and in general not every orbit will be dense. For instance,
the geodesic flow on a hyperbolic surface is ergodic (it is even Anosov) and yet there exist infinitely
many periodic orbits.
The properties of contact Hamiltonians introduced in Section 2 allow us to prove the following:
Proposition 12. Suppose that (M,α), dimM > 1, is a closed connected contact manifold with a
contact form α which admits a dense Reeb orbit. Then the strict contactomorphism group SCont(M,α)
is homotopy equivalent to a disjoint union of real lines R, one for each connected component.
Proof. 2 Let γ be a dense orbit of the Reeb flow of α and let f ∈ SCont(M,α) be arbitrary but
belonging to the connected component of the identity. Then f is the time-one map of a strictly
contact Hamiltonian flow ft, i.e. f = f1. The flow is generated by a time dependent Hamiltonian
H : [0, 1] ×M → R which for each fixed t is invariant under the Reeb flow of α. It follows that for
each t, H(t,−) is constant on the dense orbit γ and hence on the whole of M . Consequently, the flow
ft at any given time uniformly follows the Reeb orbits and so f = f1 equals the Reeb flow at some
time t0. In other words, the mapping φ : t 7→ Fl
R
t is a surjective continuous map from R onto the
connected component of the identity in SCont(M,α).
The map φ is also injective because the orbit γ cannot be periodic (if it was, then M = S1). It is
not difficult to see that φ is then a homeomorphism of R onto the connected component (in fact a
diffeomorphism, which can be checked using the smooth charts on SCont(M,α), see [KM97, Theorem
43.19] or [Sp14]). Because for a topological group all connected components are homeomorphic, the
claim of the proposition follows. 
In Subsection 4.2 we provide an example of a contact form on S3 with an ergodic Reeb flow, hence
with a dense Reeb orbit. Note though that it is not possible to find Anosov flows on S3. Indeed, the
periodic points of an Anosov diffeomorphism grow exponentially whereas the action on the homology
of S3 imposes a finite bound on the number of fixed points. This can also be proven by contact
topology methods in the case of S3, see [EG02].
2The exposition of this proof has been improved after a suggestion of E. Shelukhin and we are grateful for this.
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4.2. Reeb flows. In this subsection we first explain how to obtain a contact form on RP3, S3 or T3
with a dense Reeb orbit and then prove Theorem 2.
Let us start with S3, we want to construct a contact form on (S3, ξst) with an ergodic Reeb flow.
The 3–sphere fibres over S2 as the Hopf fibration and we may think of S3 as the double cover of
the unit cotangent bundle S(T ∗S2) of S2. A geometric way of constructing a vector field on a unit
cotangent bundle is to fix a metric and to consider its geodesic flow at the energy level 1. To apply
this construction to contact topology we need the following fact:
Fact: (Huygens) Let (Σ, g) be a Riemannian surface. Then the geodesic flow on the unit cotangent
bundle S(T ∗Σ) is the Reeb flow for the unique U(1)–invariant contact form on S(T ∗Σ) considered as
the space of cooriented contact elements.
This follows from (or rather is) the Huygens principle and the definition of the contact structure on
the space of contact elements, see Section 2 and [AG85].
Thus in this case the existence of a dense orbit for a Reeb flow is implied by the existence of a dense
orbit for the geodesic flow. On the one hand, it is well known that the geodesic flow of a negative
curvature surface is ergodic, see [An67] for details. On the other hand, the (non-strict) contactomor-
phism group is not well understood for the 3–folds S(T ∗Σ) and so we cannot compare them. However,
as stated in Theorem 4 we at least understand the contactomorphism group of the standard contact
S3 (see Section 5 for details).
The possible geodesic flows for surfaces of genus g = 0, 1 have been studied in Riemannian geometry.
For instance, the use of focusing caps allowed V.Donnay to conclude the following:
Theorem 13 ([Do88]). Any compact orientable surface can be endowed with a Riemannian metric
having an ergodic geodesic flow.
Note however that this metric is not a small perturbation of a constant curvature metric. For instance,
KAM theory implies that a small perturbation of the flat metric on the torus T2 contains invariant
tori and hence cannot be ergodic.
Theorem 13 and the Huygens principle yield a contact structure on S3 with an ergodic Reeb flow.
Indeed, consider the two sphere (S2, g) endowed with a Riemannian metric whose geodesic flow is
ergodic. The unit cotangent bundle S(T ∗S2) is diffeomorphic to RP3 = S3/Z2 and thus we have an
ergodic flow on RP3 which coincides with the Reeb flow of a contact form on RP3 (due to the Huygens
principle). This contact structure is exact symplectically filled by the cotangent bundle T ∗S2 and
hence it is tight [Gr85]. At this point we obtained a contact form on RP3 with (many) dense Reeb
orbits. This contact form can be pulled back to the universal cover S3 yielding a contact form α for
the unique (up to isotopy) tight contact structure on S3. In addition, the Reeb flow of this contact
form has many dense orbits.
There are various reasons for which we obtain the tight contact structure on S3. For instance, we may
consider an interpolation {gt} between the standard round metric g0 and the metric g. The previous
construction gives a path of contact forms {αt} such that α0 is the standard contact form on S
3 and
α1 = α. Gray’s stability then implies that kerα0 is isotopic to kerα1.
In higher dimensions the use of the unit cotangent bundle leads to ergodic flows on manifolds differ-
ent from the spheres (with the notable exception of S7 −→ S4). A different construction of ergodic
flows on lens spaces is presented in [Ka79, HP89], these methods are however strictly low-dimensional.
We will now focus on Theorem 2, i.e. the existence of a contact form on S2n+1 with an ergodic Reeb
flow and thus, by Proposition 12, an example where SCont(M,α) retracts to a set of points. In the
argument to prove the theorem we invoke results from [Ka73], where the technical construction of the
required perturbation is described precisely.
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From the ergodic point of view the essential ingredient available in the standard contact sphere is
the existence of two circle symmetries generated by positive Hamiltonians. The hypotheses are also
satisfied by other contact manifolds such as toric manifolds. However, the positivity of the associated
contact Hamiltonian is a non-trivial contact hypothesis. The precise mathematical framework for
Theorem 2 is described as follows.
Proof of Theorem 2: Consider the symplectic manifold (R2n \ {0}, ωst). The standard Liouville
form λst induces the contact form αst when restricted to the unit sphere S
2n−1 = {H(p) = 1}, with
H(p) = ‖p‖2 being (twice) the standard kinetic energy. The Reeb vector field associated to λ|{H=1}
is the characteristic foliation direction induced by the symplectic form ωst on the hypersurface S
2n−1.
Since ωst is the imaginary part of the standard Kähler structure, the leaves coincide with the Hopf
circles.
The crucial feature we need from the symplectic manifold (R2n\{0}, ωst) is the existence of a T
2–action.
Certainly R2n \{0} admits an effective Hamiltonian Tn–action given by complex scalar multiplication
by z ∈ S1 ⊂ C∗ on the n coordinate complex axes of Cn \ {0} = R2n \ {0}. The moment map of
each one-parameter subgroup S1 ⊂ Tn corresponds to the radial coordinate (i.e. kinetic energy) in
the corresponding plane of rotation and so it is a non-negative function. Consider the perturbed
Hamiltonian
Hα = π
n∑
i=1
αi|zi|
2, α = (α1, . . . , αn) ∈ R
n
+
and the 2–torus T2 = 〈α, (1, 0, . . . , 0)〉/Zn. This satisfies the hypothesis of Theorem A in [Ka73],
which states that given an effective Hamiltonian T2–action on a Liouville manifold one may perturb
a Hamiltonian of the form Hα to another Hamiltonian H which is C
∞–close to Hα on a compact
set and such that the induced flow on the energy levels of H is ergodic with respect to the Liouville
measure.
The first paragraph in this proof can thus be repeated for H and we obtain a contact structure on a
level set of H whose Reeb vector field has an ergodic flow. The C∞–closeness implies that such an
energy set is diffeomorphic to a sphere and then the Gray stability implies that the contact structure
is isotopic to that induced by our original H . In conclusion, the contact form induced by the Liouville
form on a level set of H induces the standard contact structure (S2n−1, ξst) and also has an ergodic
Reeb flow. 
The methods of [Ka73] also apply to other contact manifolds with at least two positive circle symme-
tries. In this subsection we provided examples of contact forms for which the strict contactomorphism
group is as degenerate as possible. In the next subsection we study the opposite case where the strict
contactomorphism group contains a homotopically essential subgroup of symmetries.
4.3. The group SCont(S5, αst). We shall show here that the homotopy type of (the connected com-
ponent of the identity of) the strict contactomorphism group SCont(S5, αst) can be computed from
the homotopy type of the group of Hamiltonian diffeomorphisms Ham(CP2, ωFS). This method can
be applied to prequantization spaces in general.
Let (M,α) be a closed connected contact manifold with a contact form α such that its Reeb flow
generates a free S1–action. Recall from Section 2 that M is then the prequantization of some closed
integral symplectic manifold (B,ω). In particular, there is a principal S1–bundle p : M −→ B such
that p∗ω = dα. Denote by SCont0(M,α) the connected component of the identity in SCont(M,α).
Then we have the following:
Proposition 14 ([Vi97, Proposition 4]). There exists a smooth principal S1–bundle
q : SCont0(M,α) −→ Ham(B,ω)
such that the S1–fibre is given by the Reeb flow of α. Furthermore, the map q is in fact a homomor-
phism of Lie groups whose kernel is the circle fibre.
Proof. Any α-strict contactomorphism of M commutes with the Reeb flow of α, i.e. it preserves
the S1–fibres of the bundle p : M −→ B. Therefore every such contactomorphism descends to a
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diffeomorphism of B that is in fact a Hamiltonian diffeomorphism of (B,ω). This projection then
defines the desired smooth principal S1–bundle. 
The homotopy type of Ham(B,ω) is known in some cases. For example, the standard action of the
projective unitary group PU(2) on (CP1, ωFS), where ωFS is the Fubini–Study symplectic form, induces
a homotopy equivalence ψ : PU(2) −→ Ham(CP1, ωFS). The group of Hamiltonian diffeomorphisms
of CP2 is computed in [Gr85] (or see [MS04, Theorem 9.5.3]):
Theorem 15 ([Gr85]). The standard action of PU(3) on CP2 induces a homotopy equivalence
ψ : PU(3) −→ Ham(CP2, ωFS).
These two results allow us to compute the homotopy type of SCont0(S
5, αst).
Corollary 16. The standard action of the unitary group U(3) on (S5, αst) induces a homotopy equiv-
alence ϕ : U(3) −→ SCont0(S
5, αst).
Proof. The sphere (S5, αst) is the total space of the Hopf fibration p : S
5 −→ CP2 and this fibration
can be regarded as the prequantization of CP2 with its Fubini–Study symplectic form. Consider the
following morphism of circle bundles
U(3)
ϕ
//

SCont0(S
5, αst)
q

PU(3)
ψ
// Ham(CP2, ωFS)
where the projection on the right is the principal S1–bundle from Proposition 14 and the one on the
left is the quotient map. By Theorem 15 the base map ψ is a homotopy equivalence. The map ϕ
restricted to the circle fibres equals the Reeb flow and hence it is a diffeomorphism (and in particular
a homotopy equivalence). The five lemma applied to the corresponding morphisms between the
long exact sequences of homotopy groups for the two fibrations implies that ϕ is a weak homotopy
equivalence. Since SCont0(S
5, αst) has the homotopy type of a CW–complex (see Remark 17 below),
ϕ is a genuine homotopy equivalence by the Whitehead theorem. 
Note that the same argument applied to the prequantization (S3, αst) −→ (CP
1, ωFS) proves that
also the inclusion U(2) −→ SCont0(S
3, αst) is a homotopy equivalence. If we understood the inclu-
sion PU(n + 1) −→ Ham(CPn, ωFS) for general n, we could deduce similar results even for higher
dimensional spheres.
Remark 17. For a closed contact manifold (M, ξ = kerα) the groups SCont(M,α) and Cont(M, ξ)
endowed with the smooth compact–open topology can be given the structure of a Fréchet manifold
(see [KM97, Theorem 43.19] or [Sp14]). In particular, the topology is Hausdorff, metrizable and
locally ANR. It follows from [Pa66, Theorem 5] that the groups are ANR. Moreover, the topology
is also separable and so this combined with [Mi59, Theorem 1] implies that the contactomorphism
groups have the homotopy type of a countable CW–complex.
5. The contactomorphism group of (S3, ξst)
In this section we shall describe the homotopy type of the group Cont(S3, ξst) and that of the space
of tight contact structures on S3. Orient S3 as the boundary of the unit ball in R4. There are two
ingredients that allow us to compute the homotopy types. The first one is the knowledge of the
homotopy type of the group Diff+(S
3) of orientation preserving diffeomorphisms of S3.
Theorem 18 ([Ha83]). The standard action of the special orthogonal group SO(4) on S3 induces a
homotopy equivalence SO(4) −→ Diff+(S
3).
Let Ξ(S3) be the space of all cooriented contact structures on S3 and T ⊆ Ξ(S3) denote the subspace
of tight contact structures which induce the positive orientation on S3, i.e. for any contact form α
defining the contact distribution the volume form α∧dα is positive. Fix the point p = (1, 0, 0, 0) ∈ S3
and consider the subspace Tp := {ξ ∈ T | ξ(p) = ξst(p)} of positive tight contact structures which
agree with the standard one at p.
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By [El92, Theorem 2.1.1] the contact structure ξst is the unique positive tight contact structure on
S3 up to isotopy, which according to Gray’s stability theorem means that T is exactly the connected
component of ξst in Ξ(S
3). The topology of the subspace Tp turns out to be even simpler.
Theorem 19 ([El92, Theorem 2.4.2]). The space Tp is contractible.
This is the second ingredient that allows us to prove Theorem 4.
Proof of Theorem 4: 1. The strategy is to find a fibre bundle T −→ S2 whose typical fibre is the
space Tp. Then Theorem 19 implies the first claim of the statement.
Let us construct such a map. Trivialize the tangent bundle TS3 ⊆ R4 ∼= H1 using the vector fields
X(x1, y1, x2, y2) = (−y1, x1,−y2, x2)
t = i · (x1, y1, x2, y2)
t,
Y (x1, y1, x2, y2) = (−x2, y2, x1,−y1)
t = j · (x1, y1, x2, y2)
t,
Z(x1, y1, x2, y2) = (−y2,−x2, y1, x1)
t = k · (x1, y1, x2, y2)
t.
Note that X,Y, Z are orthonormal with respect to the standard Riemannian metric and so the tangent
sphere bundle can be described as
S(TS3) = {aX + bY + cZ | a, b, c ∈ R : a2 + b2 + c2 = 1} ∼= S3 × S2.
A cooriented (hyper)plane distribution ξ ⊆ TS3 is uniquely determined by its positive unit normal
vector field nξ that, using the trivialization of TS
3 above, defines a unique Gauss map nξ : S
3 −→ S2.
This establishes a bijective correspondence between cooriented plane distributions in TS3 and smooth
maps S3 −→ S2, in which the standard contact structure ξst corresponds to the map nξst : p 7−→ X(p).
Fix the point p = (1, 0, 0, 0) and consider the evaluation map ev : T −→ S2 defined by ev(ξ) = nξ(p).
We shall prove that ev is a fibre bundle with typical fibre Tp by constructing local trivializations.
The local charts are provided by the appropriate manifold of frames. Indeed, consider the Stiefel
manifold V2(R
3) of orthonormal 2–frames in R3 and the fibre bundle π : V2(R
3) −→ S2 defined by
mapping a two–frame (u,v) to its vector product u×v, i.e. the unique unit vector positively orthog-
onal to both u and v. Identify V2(R
3) with SO(3) by assigning to (u,v) the matrix with ordered
columns u×v,u and v. Then the projection π sends a matrix A ∈ SO(3) to its first column c1(A) ∈ S
2.
Given a local section s : U ⊆ S2 −→ V2(R
3) of π, define for all b ∈ U
Ab := diag(1, s(b)) ∈ SO(4) ⊆ Diff+(S
3),
where s(b) ∈ SO(3) ∼= V2(R
3). This induces a local trivialization of ev : T −→ S2 over U defined as
ψs : U × Tp −→ T, ψs(b, ξ) = (Ab)∗ξ, where (Ab)∗ξ(q) = TAb
(
ξ(A−1b (q))
)
, q ∈ S3.
Note that (Ab)∗ξ is indeed a positive tight contact structure on S3.
Let us check that ψ is a bundle chart. First the composition ev ◦ψs equals the projection onto the
first factor:
(ev ◦ψs)(b, ξ) = ev((Ab)∗ξ) = n(Ab)∗ξ(p) = Ab · nξ(p) = c2(Ab) = c1(s(b)) = π(s(b)) = b
since nξ(p) = nξst(p) = (0, 1, 0, 0)
t. Furthermore, the inverse of ψs is given by
ϕs : ev
−1(U) −→ U × Tp, ϕs(η) =
(
ev (η),
(
A−1
ev(η)
)
∗
η
)
.
Indeed, put b = ev(η) = nη(p). Then we need to verify that (A
−1
b )∗η ∈ Tp. Because the matrix
Ab ∈ SO(4) is orthogonal, we have A
−1
b = A
t
b and so
n(A−1
b
)∗η
(p) = A−1b · nη(p) = A
t
b · c2(Ab) = (0, 1, 0, 0)
t = nξst(p).
To sum up, we found a system of bundle charts so that the map ev : T −→ S2 is a fibre bundle with
typical fibre Tp.
Since the space Tp is contractible by Theorem 19, we deduce from the long exact sequence of homo-
topy groups for a fibration that ev is a weak homotopy equivalence. The topological space T has the
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homotopy type of a CW–complex3 and thus ev is a genuine homotopy equivalence.
2. Consider the map Ψ: Diff+(S
3) −→ T defined by Ψ(f) = f∗ ξst. This is a surjective map by Gray’s
stability theorem and the fibre over ξst is Ψ
−1(ξst) = Cont(S3, ξst). The parametric version of Gray’s
stability theorem implies that Ψ has the homotopy lifting property with respect to discs and smooth
isotopies. By standard arguments for Serre fibrations this implies in particular that
πk(Diff+(S
3),Cont(S3, ξst)) ∼= πk(T), k ≥ 0.
In the same spirit of the argument in the first part of the proof we can show that
(ev ◦Ψ)|SO(4) : SO(4) −→ S
2
is a fibre bundle with fibre U(2). By Theorem 18 Diff+(S
3) ≃ SO(4) and so for all k ≥ 0
πk(Diff+(S
3),U(2)) ∼= πk(SO(4),U(2)) ∼= πk(S
2) ∼= πk(T) ∼= πk(Diff+(S
3),Cont(S3, ξst)).
Now consider the long exact sequence of homotopy groups associated to the triple (D,C,U) :=
(Diff+(S
3),Cont(S3, ξst),U(2)):
· · · → πk+1(D,U)→ πk+1(D,C)→ πk(C,U)→ πk(D,U)→ πk(D,C)→ · · · .
This long exact sequence and the above isomorphisms imply that πk(Cont(S
3, ξst),U(2)) = 0 for all
k, i.e. the inclusion i : U(2) −→ Cont(S3, ξst) is a weak homotopy equivalence. Because Cont(S
3, ξst)
has the homotopy type of a CW–complex, i is a genuine homotopy equivalence. 
Proof of Corollary 5: The homomorphism i : U(2) −→ Cont(S3, ξst) factors through the inclusion
of the subgroup SCont0(S
3, αst) as on the following diagram.
Cont(S3, ξst)
U(2)
j
//
i
88
q
q
q
q
q
q
q
q
q
q
q
SCont0(S
3, αst)
k
OO
The map i is a homotopy equivalence by Theorem 4, while j is a homotopy equivalence by the argu-
ment of Corollary 16. It follows that k induces an isomorphism on the homotopy groups, i.e. it is a
weak homotopy equivalence. Since the spaces involved have the homotopy type of CW–complexes, k
is a genuine homotopy equivalence. 
The proofs of Theorem 4 and Corollary 5 close the first part of the paper. In the second part we aim
to use the techniques of Chern–Weil theory to study the group of strict contact transformations.
6. Chern–Weil theory
In this section we review the basics of Chern–Weil theory keeping in mind the case of infinite dimen-
sional Lie groups such as SCont(M,α). First, in Subsection 6.1 the notions of a classifying space and
characteristic classes are briefly recalled. Subsection 6.2 then details the constructions of Chern–Weil
theory and Subsection 6.3 comments on some nuances of the infinite dimensional case.
6.1. Classifying spaces. Let G be a topological group. The first important notion we need is the
content of the following definition:
Definition 20. A universal principal G–bundle is a numerable4 principal G–bundle EG −→ BG such
that for any other numerable principal G–bundle P −→ B there exists, up to a G–bundle homotopy,
a unique G-bundle morphism Φ: P −→ EG. The base space BG is called a classifying space of G.
3By an argument analogous to that of Remark 17.
4Numerability is a standard condition on fibre bundles, but unfortunately it is not mentioned frequently. A covering
(Ui)i∈I of a topological space B is called numerable if there exists a locally finite partition of unity (λi)i∈I such that
supp(λi) ⊆ Ui for all i ∈ I. A fibre bundle P −→ B is then called numerable if it is locally trivial over a numerable
covering of the base B. For example, a locally trivial fibre bundle over a paracompact space is numerable.
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We shall always suppose that principal bundles are numerable. A principal G–bundle P −→ B is
then universal if and only if the total space P is contractible as a topological space. The existence of
a universal bundle for any topological group G was proved by J.Milnor [Mi56]. He also showed that
if the base space BG has the homotopy type of a countable CW–complex, then this homotopy type
is unique. In particular, the cohomology ring H∗(BG) is independent of the choice of a model for BG.
Let us furthermore define the notion of a characteristic class of principal G–bundles.
Definition 21. Let R be a commutative ring. An R–valued characteristic class on the category C of
(numerable) principal G–bundles is a map
χ : C ∋ (P −→ B) 7−→ χ(P ) ∈ H∗(B;R)
which is natural with respect to G–bundle morphisms, i.e. for a G–bundle morphism
P1
Φ
//

P2

B1
φ
// B2
and the induced map φ∗ : H∗(B2;R)→ H∗(B1;R) we have χ(P1) = φ∗χ(P2).
According to Definition 20 for a given a principalG–bundle P −→ B there exists aG–bundle morphism
P
Φ
//

EG

B
φ
// BG
The base map φ of this morphism is called the classifying map of P and it is uniquely defined up to
homotopy. By the naturality property of characteristic classes we then have χ(P ) = φ∗χ(EG) and
so it follows that χ is uniquely determined by its value on the universal bundle EG −→ BG. On
the other hand, we can fix χ0 ∈ H
∗(BG;R) and prescribe χ(EG) = χ0, thus defining a characteris-
tic class by χ(P ) := φ∗χ0. Therefore the set, hereafter the ring, of characteristic classes of principal
G–bundles is isomorphic to the cohomology ring H∗(BG;R) of a classifying space BG of the group G.
Chern–Weil theory is a classical differential geometry framework for construction and realization of
such characteristic classes.
6.2. Chern–Weil theory. Let G be a Lie group with Lie algebra g and a let P −→ B be a smooth
principal G–bundle. Denote by ra the right action of a ∈ G on P and consider a principal connection
form σ : TP −→ g with curvature form Kσ : TP ×P TP −→ g. The curvature form is a g–valued
two–form on P which is G–equivariant, i.e. (ra)
∗Kσ = Ada−1 ◦Kσ for all a ∈ G.
Moreover, fix a symmetric multilinear form r : g× . . .× g −→ R on g which is AdG–invariant, i.e.
r(AdaA1, . . . ,AdaAk) = r(A1, . . . , Ak) for all a ∈ G,A1, . . . , Ak ∈ g .
Such an r is called an invariant polynomial on g. Now consider the composition
χr : (TP ×P TP )×P . . .×P (TP ×P TP )
Kσ ×...×Kσ
−−−−−−−−→ g× . . .× g
r
−→ R.
This is a 2k–form on P which, due to the G–equivariance of Kσ, the invariance of r and the Bianchi
identity for Kσ, descends to a closed 2k–form χ
r
on the base B. Its deRham cohomology class
χr(P ) := [χr] ∈ H
2k
deR(B)
is independent of the choice of the connection form σ. It follows that the assignment
(P −→ B) 7−→ χr(P )
defines a characteristic class for smooth principal G–bundles.
This construction of characteristic classes is referred to as Chern–Weil theory, see e.g. [Du78] for a
detailed description. J. L.Dupont also shows that the construction can be extended to the universal
principal G–bundle EG −→ BG yielding a universal characteristic class χr ∈ H
2k(BG;R). In fact if
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G is a compact Lie group, we obtain all characteristic classes in this way. Denote by I∗(G) the set of
all invariant polynomials on g, which forms a ring under the addition and multiplication (composed
with symmetrization) of polynomials. Then we have the following important result.
Theorem 22 (H.Cartan). For a compact Lie group G the map χ : I∗(G) −→ H∗(BG;R) defined by
r 7−→ χr(EG) is an isomorphism of rings.
Example 23. Let G = Tn be the n-dimensional torus. Because the adjoint action on its Lie algebra
t ∼= Rn is trivial, any polynomial r in n variables determines a characteristic class χr of principal
Tn–bundles. By Cartan’s theorem H∗(BTn;R) ∼= R[t1, . . . , tn].
In the case G = S1 the generator t1 is just the identity map idR. Then for a principal S
1–bundle with
a principal connection form σ : TP −→ R ∼= LieS1 the induced Chern–Weil two–form χt1 equals the
curvature form Kσ. In particular, χt1(P ) ∈ H
2
deR(B) is represented by the projection of K
σ to the
base. The characteristic class χt1(P ) is called the (real) Euler class of P .
6.3. Infinite dimensional geometry. The machinery of Chern–Weil theory can be extended to a
preferred setting of infinite dimensional differential geometry – either to the setting of Fréchet mani-
folds or to that of convenient calculus of Frölicher, Kriegl and Michor [KM97] (for a rapid introduction
to the basic notions of convenient calculus we also suggest [Le09]). For technical reasons we prefer the
framework of convenient calculus, for the present paper the choice is not essential though. Various
groups of diffeomorphisms of smooth finite dimensional manifolds can be endowed with the structure
of a convenient Lie group, e.g. the groups of contact transformations Cont(M, ξ) ([KM97, Theorem
43.19]) and SCont(M,α) ([By13] or [Sp14]) of a closed contact manifold (M, ξ). It thus makes sense
to study their Chern–Weil theory.
Some major differences between the convenient calculus and finite dimensional geometry arise from
topological complexity of the modeling topological vector spaces. For example, there are many pos-
sible definitions of differential forms, but fortunately only one seems to be ’correct’ in the sense that
all the classical operations such as pullback, exterior differentiation and Lie derivative preserve this
class of differential forms. Furthermore, the deRham theorem for convenient manifolds is recovered
provided that the underlying topology of the smooth manifold is paracompact.
The Chern–Weil construction of characteristic classes then works as described above under the ad-
ditional assumption that the invariant polynomial r is a bounded map with respect to the natural
topology on the Lie algebra g. J. L.Dupont’s method of extending Chern–Weil theory to the universal
bundles is also easily adapted.
In the next section we focus on the Chern–Weil theory of the group of strict contact transformations
of a closed contact manifold.
7. Applications to SCont(M,α)
It seems in general difficult to find invariant polynomials on the Lie algebra of a convenient Lie
group, in particular the group of diffeomorphisms of a smooth manifold or its subgroups. However,
for a closed symplectic manifold a series of invariant polynomials on the Lie algebra of its group
of Hamiltonian diffeomorphisms has been discovered and studied by A.G.Reznikov [Re97]. In this
section we define analogous invariant polynomials for the groups of strict contactomorphisms.
7.1. Reznikov classes for SCont(M,α). Let (M, ξ = kerα) be a closed connected contact manifold.
Recall from Section 2 that the Lie algebra L := Lie SCont(M,α) of the group SCont(M,α) of strict
contactomorphisms of M is the algebra of strictly contact vector fields on M . Using the contact form
α it is identified with the algebra C∞(M)R of smooth functions on M which are invariant under the
Reeb flow of α. The adjoint action of f ∈ SCont(M,α) on H ∈ L is then given by Adf (H) = H ◦f
−1.
For k ∈ N consider the map Ik : L× . . .× L −→ R defined by
(1) Ik(H1, . . . , Hk) =
∫
M
H1 · . . . ·Hk α ∧ (dα)
n, where H1, . . . , Hk ∈ C
∞(M)R.
14 ROGER CASALS AND OLDŘICH SPÁČIL
Because any f ∈ SCont(M,α) preserves α, it also preserves the volume form α ∧ (dα)n and so the
map Ik is Ad–invariant. Moreover, since integration over a closed manifold is a bounded operator,
5
Ik is an invariant polynomial on L.
Observe that Ik is not invariant under the adjoint action of the larger group Cont(M, ξ) of contacto-
morphisms of (M, ξ). This is the reason why we restrict to the group of strict contactomorphisms.
We define the contact Reznikov classes as follows.
Definition 24. Let (M, ξ = kerα) be a closed connected contact manifold and k ∈ N. The k–th
Reznikov class χk ∈ H
2k(BCont(M,α);R) is the characteristic class of principal SCont(M,α)–bundles
determined by the invariant polynomial Ik.
Note however that we do not know yet whether the Reznikov classes are non-trivial. We will see below
that in various cases of contact manifolds admitting an action of a compact Lie group at least some
of the Reznikov classes are indeed non-trivial. Let us briefly describe the strategy to show this.
Let ϕ : G1 −→ G2 be a homomorphism of Lie groups and let ϕ̂ : g1 → g2 denote the induced ho-
momorphism of Lie algebras. Suppose that we have a bundle morphism of smooth principal G1 and
G2–bundles Φ: P1 −→ P2 represented by ϕ, i.e. such that Φ(p · a) = Φ(p) · ϕ(a) for all p ∈ P1 and
a ∈ G1. Suppose also that the bundle Pj is equipped with a principal Gj–connection σj ∈ Ω
1(Pj , gj),
for j = 1, 2, such that Φ∗σ2 = ϕ̂ ◦ σ1. It is straightforward to check that the curvature forms then
satisfy the analogous relation Φ∗Kσ2 = ϕ̂ ◦Kσ1 .
Given an invariant polynomial r : g2 × . . .× g2 −→ R on g2, we consider its pullback
ϕ̂∗r : g1 × . . .× g1
ϕ̂×...×ϕ̂
−−−−−→ g2 × . . .× g2
r
−→ R,
which is an invariant polynomial on g1. Let us denote by χr ∈ Ω
∗(P2) the Chern–Weil form con-
structed using the connection σ2 and let χϕ̂∗r ∈ Ω
∗(P1) denote the Chern–Weil form constructed
using the connection σ1. It follows from the assumptions above that χϕ̂∗r = Φ
∗χr and consequently
χϕ̂∗r(P1) = φ
∗χr(P2) ∈ H∗deR(B1),
where φ : B1 −→ B2 denotes the base map of the bundle morphism Φ. In particular, χr(P2) 6= 0
whenever χϕ̂∗r(P1) 6= 0.
To sum up, if there exists a principal G1–bundle P1 with a bundle morphism Φ to P2 such that the
pullback under Φ of the characteristic class χr(P2) to P1 is a non-trivial characteristic class of P1,
then χr(P2) is non-trivial and so the universal characteristic class χr ∈ H
∗(BG2;R) is also non-trivial.
Let us focus back on the Reznikov classes. Let (M, ξ = kerα) be a closed connected coorientable con-
tact manifold with a smooth action of a compact Lie group G and assume that α is G–invariant (such
an α can be obtained by averaging, see [Ler01, Proposition 2.8]). Denote by ϕ : G −→ SCont(M,α)
the corresponding Lie group homomorphism. Consider the extension by ϕ of the universal principal
G–bundle EG −→ BG, i.e. the associated principal SCont(M,α)–bundle
q : P = P ×ϕ SCont(M,α) −→ BG
together with the bundle morphism Φ: EG −→ P defined by Φ(p) = [p, id]. Now any principal con-
nection 1–form σ on EG can be extended to a principal connection form θ ∈ Ω1(P,Lie SCont(M,α))
such that Φ∗θ = ϕ̂ ◦ σ. Applying the above procedure to the invariant polynomial Ik we obtain a
characteristic class χϕ̂∗Ik ∈ H
2k(BG;R). By Cartan’s Theorem 22 this class is uniquely determined
by the invariant polynomial ϕ̂∗Ik and hence it is non-trivial if and only if the polynomial is non-zero.
Therefore in order to conclude the non-triviality of the Reznikov class χk, it is enough to show that
the invariant polynomial ϕ̂∗Ik is a nonzero polynomial on the Lie algebra g.
Let us describe the invariant polynomial ϕ̂∗Ik in terms of the α–moment map of the G–action ϕ on
(M, ξ = kerα). The α–moment map is the map m : M −→ g∗ uniquely defined by
〈m(x), A〉 = αx( ~A(x)),
5This holds in the convenient topology on L, which differs from the smooth compact-open topology. However, the
two topologies share the same bounded sets [KM97, Sp14].
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where x ∈ M , A ∈ g and ~A ∈ X(M) is the fundamental vector field on M induced by A. We also
write the moment map as m : M × g −→ R. Then for A1, . . . , Ak ∈ g we have
(ϕ̂∗Ik)(A1, . . . , Ak) = Ik
(
ϕ̂(A1), . . . , ϕ̂(Ak)
)
= Ik
(
α( ~A1), . . . , α( ~Ak)
)
=
=
∫
M
m(−, A1) · . . . ·m(−, Ak)α ∧ (dα)
n.
In this situation we can prove that the even Reznikov classes are non-trivial, which is Proposition 8.
Proof of Proposition 8: Because the action ϕ : G −→ Cont(M,α) is non-trivial by assumption,
there exists A ∈ g such that ~A 6≡ 0. In particular, m(−, A) = α( ~A) 6≡ 0 since a contact vector field
which lies completely in the contact distribution is necessarily the zero vector field. Consequently,
(ϕ̂∗I2l)(A, . . . , A) =
∫
M
(m(−, A))2l α ∧ (dα)n > 0
and ϕ̂∗I2l is a non-zero invariant polynomial on g. By Cartan’s Theorem 22 the corresponding char-
acteristic class is a non-trivial element of H4l(BG;R). Therefore so is the Reznikov class χ2l. 
For a special class of contact manifolds we can prove that also the odd Reznikov classes χ2l+1 are
non-trivial. A contact manifold (M, ξ) is called K–contact if there exists a contact form α defining ξ
and a Riemannian metric g such that the Reeb vector field R is Killing with respect to g, i.e. the Reeb
flow of α is by isometries of g. The form α is then called K–contact too. An equivalent description
of K–contact manifolds reads as follows.
Proposition 25 ([Ler04, Proposition 4.3]). A closed connected contact manifold (M, ξ) is K–contact
if and only if M admits an action of a torus T by coorientation preserving contactomorphisms and
there exists a vector A ∈ LieT such that m(−, A) : M −→ R is a strictly positive function, where m
denotes the β–moment map of the T–action for any T–invariant contact form β.
Note that a T –invariant contact form always exists and then the K–contact form α is a multiple of
β by a T –invariant function, hence in particular α is also T -invariant. The proof of Proposition 8
together with Proposition 25 imply Proposition 9.
Propositions 8 and 9 are rather general results on non-triviality of the Reznikov classes. However, if
we are given a specific circle or torus action, more information can be recovered. This is illustrated
in the following subsection.
7.2. Explicit computations. In the previous subsection we studied non-triviality of the Reznikov
classes by pulling the back under under a G–action. In certain cases we can compute the pullbacks
explicitly – we need to understand the induced map
(Bϕ)∗ : H∗(BSCont(M,α);R) −→ H∗(BG;R)
since χϕ̂∗Ik = (Bϕ)
∗χk. The simplest case is that of contact manifolds admitting a free S1-action,
which is the content of Theorem 6.
Proof of Theorem 6: Fix k ∈ N. We shall explicitly compute the invariant polynomial ϕ̂∗Ik. Let
R denote the Reeb vector field corresponding to the contact form α. Then the homomorphism ϕ
is defined by ϕ(s)(x) = FlRs (x) for x ∈ M and the induced Lie algebra homomorphism ϕ̂ : R −→
Lie SCont(M,α) ∼= C∞(M)R reads as
ϕ̂(t)(x) = αx
(
d
ds
∣∣∣∣
s=0
FlRst(x)
)
= αx(t ·R(x)) = t,
i.e. ϕ̂(t) is the constant function on M with value t.
Therefore for t ∈ R = LieS1 we obtain
(ϕ̂∗Ik)(t, . . . , t) = Ik(ϕ̂(t), . . . , ϕ̂(t)) =
∫
M
t · . . . · t α ∧ (dα)n = tk · volα(M).
By Example 23 this is a non-zero multiple of the invariant polynomial on Lie S1 corresponding to the
k-th power of the universal Euler class e. In other words, (Bϕ)∗χk = volα(M) · ek, which proves the
16 ROGER CASALS AND OLDŘICH SPÁČIL
statement of the theorem. 
This precise description allows us to compute the order of the Reeb flow in the fundamental group of
SCont(M,α). Corollary 7 states that the order is infinite.
Proof of Corollary 7: Put G = SCont0(M,α). Then π0(BG) = π1(BG) = 0 and
π1(G)⊗ R ∼= π2(BG) ⊗ R ∼= H2(BG;R)
by the Hurewicz theorem. Let ϕ : S1 −→ G denote the homomorphism induced by the Reeb flow and
consider the following commutative diagram, where all the horizontal arrows are isomorphisms.
H2(BG;R)
(Bϕ)∗

// Hom(H2(BG;R),R)
−◦(Bϕ)∗

// Hom(π1(G)⊗ R,R)
−◦ϕ∗

H2(BS1;R) // Hom(H2(BS
1;R),R) // Hom(π1(S
1)⊗ R,R) ∼= R
Let c ∈ π1(S
1) ∼= Z be the positive generator and let γ ∈ Hom(π1(S
1) ⊗ R,R) be the dual of c. By
the proof of Theorem 6 the image of (Bϕ)∗χ1 under the bottom row of isomorphisms is a non-zero
multiple of γ.
Now for any k ∈ N we have ϕ∗(k · c) = k · [Reeb] ∈ π1(G). But then
χ1(k · [Reeb]) = χ1(ϕ∗(k · c)) = ((Bϕ)∗χ1)(k · c) = const · γ(k · c) = const · k 6= 0.
In particular, k · [Reeb] 6= 0 ∈ π1(G). 
Remark 26. Corollary 7 can be alternatively deduced from the homotopy invariance of the Calabi–
Weinstein functional on C˜ont0(M,α). See [Sh10] and the references therein.
Our next example is the case of a T2–action. Fix n ∈ N and consider the 3–torus T3 = R3/(2πZ)3
together with the contact form αn = cos(nt)dx−sin(nt)dy. This form is invariant under the T
2–action
defined by (a, b)·(x, y, t) = (x+a, y+b, t) and so we obtain a homomorphism ϕ : T2 −→ SCont(T3, αn).
Proposition 27. For l ∈ N the image of χ2l under the induced map
(Bϕ)∗ : H∗(BSCont(T3, αn);R)→ H∗(BT2;R) ∼= R[A,B]
is a nonzero multiple of (A2 +B2)l while the image of χ2l−1 is zero.
Proof. Consider the Lie algebra homomorphism ϕ̂ : LieT2 ∼= R2 → LieCont(T3, αn) ∼= C
∞(T3)R
induced by ϕ. We shall compute the invariant polynomials ϕ̂∗Ik. First, for (A,B) ∈ R2 we have
T(0,0)ϕ(A,B)(x, y, t) =
d
ds
∣∣∣∣
s=0
(x+ s ·A, y + s ·B, t) = A ·
∂
∂x
+B ·
∂
∂y
and so
ϕ̂(A,B)(x, y, t) = (αn)(x,y,t)
(
A ·
∂
∂x
+B ·
∂
∂y
)
= A · cos(nt)−B · sin(nt).
The volume form on T3 is given by αn ∧ dαn = n · dx ∧ dy ∧ dt. Therefore,
(ϕ̂∗Ik)((A,B), . . . , (A,B)) = n
∫
T3
(
A cos(nt)−B sin(nt)
)k
dx ∧ dy ∧ dt =
= 4nπ2
∫ 2pi
0
(
A cos(nt)−B sin(nt)
)k
dt.
Let τ ∈ [0, 2π) be such that (cos τ, sin τ) = 1√
A2+B2
(A,B). Then we can rewrite the integral on the
right-hand side as follows∫ 2pi
0
(
A cos(nt)−B sin(nt)
)k
dt = (
√
A2 +B2)k
∫ 2pi
0
(
cos(τ) cos(nt)− sin(τ) sin(nt)
)k
dt =
=
(√
A2 +B2
)k ∫ 2pi
0
cosk(nt+ τ) dt =
(√
A2 + B2
)k ∫ 2pi
0
cosk(nt) dt.
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For k = 2l − 1 odd the last integral vanishes. But for k = 2l even cl :=
∫ 2pi
0 cos
2l(nt) dt > 0 because
the integrand is an almost everywhere positive function. To sum up,
(ϕ̂∗Ik)((A,B), . . . , (A,B)) =
{
0 if k = 2l− 1,
4nπ2cl · (A
2 +B2)l if k = 2l
and the statement of the proposition follows. 
These computations are analogous to the results of A.G.Reznikov [Re97, Section 1.4] for Hamiltonian
characteristic classes. In particular, his calculation for the Fubini–Study symplectic form on CPn can
be easily modified to prove the following proposition. This can be also generalized to the lens spaces
S2n+1/Zk equipped with the standard contact form.
Proposition 28. Let ϕ : U(n+1) −→ SCont(S2n+1, αst) be the homomorphism given by the standard
action of the unitary group on S2n+1 ⊆ Cn+1. Then the induced map
(Bϕ)∗ : H∗(BSCont(S2n+1, αst);R)→ H∗(BU(n + 1);R)
is surjective.
The reader might have noticed that apart from the 3–torus all our examples were prequantizations
of integral symplectic manifolds. It is therefore natural to ask how the contact Reznikov classes are
related to the original Hamiltonian Reznikov classes. This is will be clarified in the next subsection.
7.3. Relationship to the Hamiltonian characteristic classes. In this last subsection we briefly
discuss the relationship between the contact Reznikov classes defined in Subsection 7.1 and the Hamil-
tonian Reznikov classes introduced in [Re97] in the case of prequantization spaces. Let us note that
the Hamiltonian Reznikov classes can be also defined topologically using the so-called coupling class.
Using this approach they were studied by Gal, Kędra, McDuff and Tralle see e.g. [KMc05, GKT11].
Let p : (M,α) −→ (B,ω) be a prequantization of an integral symplectic manifold (B,ω) as in Section
2 or Subsection 4.3. In particular, α is a contact form on M such that dα = p∗ω and the Reeb
flow of α generates a free S1-action. By Proposition 14 there exists a Lie group homomorphism
q : SCont0(M,α) −→ Ham(B,ω).
The Lie algebra of Ham(B,ω) is the algebra of Hamiltonian vector fields on B and it can be identified
via ω with the algebra of smooth functions on B normalized with respect to the volume form ωn:
K := LieHam(B,ω) ∼=
{
h ∈ C∞(B)
∣∣∣ ∫
B
hωn = 0
}
.
For each k ∈ N the map Jk : K×. . .×K −→ R, Jk(h1, . . . , hk) =
∫
B
h1·. . .·hk ω
n, is an invariant polyno-
mial on K and so by the Chern–Weil theory it defines a characteristic class µk ∈ H
∗(BHam(B,ω),R).
These classes {µk} are called the Hamiltonian Reznikov classes. Note that µ1 is trivial due to the
normalization condition on K.
Recall that the Lie algebra L := Lie SCont0(M,α) is isomorphic to the algebra of smooth functions
onM which are invariant under the Reeb flow of α. Because the Reeb flow of α is exactly the S1–fibre
of p, every such function H ∈ C∞(M) descends to a unique function h ∈ C∞(B) determined by
H = h ◦ p. It can be easily verified that the Lie algebra homomorphism q̂ : L −→ K is then given by
q̂(H) = h−
∫
B
hωn∫
B
ωn
,
i.e. h normalized with respect to the volume form ωn.
We need to understand the invariant polynomials q̂∗Jk on L. First note that for H ∈ L integrating
along the S1–fibre we obtain∫
M
H α ∧ (dα)n =
∫
M
(h ◦ p)α ∧ (p∗ω)n = 2π ·
∫
B
hωn.
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Put c :=
(
2π ·
∫
B
ωn
)−1
. Then for any k ≥ 2 and H1, . . . , Hk ∈ L we have
q̂∗Jk(H1, . . . , Hk) =
∫
B
(
h1 − c · I1(H1)
)
· . . . ·
(
hk − c · I1(Hk)
)
ωn =
=
∫
B
h1 · . . . · hk ω
n + rk(h1, . . . , hk) =
1
2π
·
∫
M
H1 · . . . ·Hk α ∧ (dα)
n +Rk(H1, . . . , Hk) =
=
1
2π
· Ik(H1, . . . , Hk) +Rk(H1, . . . , Hk).
The rest Rk is an invariant polynomial on L in k variables and it is an algebraic combination of the
’lower order’ invariant polynomials I1, . . . , Ik−1.
We are now ready to state the last result of the paper.
Proposition 29. The induced map (Bq)∗ : H∗(BHam(B,ω);R) −→ H∗(BSCont0(M,α);R) sends
the subalgebra generated by the Hamiltonian Reznikov classes µ2, . . . , µk injectively into the subalgebra
generated by the contact Reznikov classes χ1, χ2, . . . , χk.
Proof. The statement of the proposition follows from the discussion above and the following commu-
tative diagram
I∗(Ham(B,ω))

(dq)∗
// I∗(SCont0(M,α))

H∗(BHam(B,ω);R)
(Bq)∗
// H∗(BSCont0(M,α);R)
where I∗(−) denotes the ring of invariant polynomials and the vertical arrows are the Chern–Weil
homomorphisms. 
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